Introduction
Let G be a locally compact group with left invariant Haar measure m. Let H be a closed subgroup of G and K a compact subgroup of G. Let R be the equivalence relation in G defined by (a, b) e R if and only if a = kbh for some k in K and A in H. We call £ = GjR the double coset space of G modulo if and H. Denote by a the canonical mapping of G onto E. It can be shown that £ is a locally compact space and a. is continuous and open. Let N be the normalizer of K in G, i.e.
There is a naturally defined mapping n :NxE -> £ given by
*(». *fe)) = ««fe) = «(»?)•

It can be verified that ?r is well-defined, continuous and open, and that (N, E, n) is a transformation group. A positive Radon measure v on E is said to be relatively invariant if v is not identically zero and if j f(nx)dv(x) = X (n) j f(x)dv(x)
for every positive continuous function / with compact support and for every n eN. The function % occurring in this definition is called the modular function of v; it is necessarily a real character on N, i.e., a continuous homomorphism of N into the multiplicative group of positive real numbers. A relatively invariant measure is said to be invariant if its modular function is identically 1.
In this paper we shall prove that a necessary and sufficient condition for the existence of an invariant measure on E is that there exists a non-zero • For the special case where K is the identity group and hence E is the homogeneous space G/H, a condition was given by A. Weil (see [5] or Theorem 4.5). Our result is a generalization of his. We shall also give conditions for a relatively invariant measure on E to exist in various special cases. We take E. Hewitt and R. A. Ross [2] as our basic reference on Haar measures and group algebras. The author wishes to express his cordial thanks to C. Ionescu Tulcea for many helpful discussions and suggestions.
Preliminaries
Let m be a left invariant Haar measure on G with modular function A. Let fi be a left invariant Haar measure on H with modular function d and let X be the Haar measure on K. Since N is a closed subgroup of G, it also has a left invariant Haar measure which we denote by eo; the modular function of to is denoted by 6. For a locally compact space Z, the symbol Jf{Z) will be used to denote the set of all positive continuous functions on Z with compact support. For / e X"(G) and g t e G, f g (g) = f(gxg) and LEMMA 2.1. If f is a real character on K, then f is identically 1.
PROOF. Since f is a continuous homomorphism, f(i?) is a compact subgroup of the multiplicative group of positive real numbers. The assertion follows from the fact that the latter group has no non-trivial compact subgroup.
and neN.
PROOF. Consider the positive Radon measure A n on K defined by For every t e K we have
replacing k by n~x1r x nk in the above integral we obtain 
This mapping has the following properties: PROOF. It is easy to see that
hence the mapping / -> / is well-defined. The assertions (1) and (2) are obvious. Let us now prove (3). Let FeJf(E). There exists a compact
Since /(a(g)) > 0 for gear 1 (Supp i 7 ) and F(x(g)) = 0 for g e G -a " 
Conversely, if a positive Radon measure v on G has the properties (i') and (ii), then the equation (*) defines a positive Radon measure v on E.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700028524 [4] PROOF. Suppose v is a positive Radon measure on E, then the f defined by (*) is clearly a positive Radon measure on G.
Suppose now that v is a positive Radon measure on G satisfying (i') and (ii). To show (*) defines a positive Radon measure on E all we have to do is to show the following implication:
)f(kg)d(h^)dkdhdv(g) (replace g by gA-i and use (ii))
Sjff'(gh)f(kg)dkdhdv(g) -\\\t'(k-igh)j{g)dkdhdv(g) [replace g by k~lg and use (i'))
= fjjf'(kgh)f(g)dkdhdv(g) = jf(g)dv(g)-
This completes the proof.
Various conditions
We observe first that the equation (*) in Section 2 establishes a one to one correspondence between Radon measures on E and a subset of Radon measures on G. The measures on G corresponding to relatively invariant measures on E are given by the following theorem. THEOREM 
v is relatively invariant with modular function % if and only if v has the following properties:
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700028524 Remark 3.2. The study of relatively invariant measures on E may be reduced to the study of positive Radon measures on G which satisfy (i) and (ii). 
Special cases THEOREM 4.1. Suppose N is not locally negligible. If v is a relatively invariant measure on E with modular function % such that Supp v n <x(2V) ^t 0, then Supp v D x(N) and A{t) = %(t)d(t) for all teN n H.
PROOF. We note first that N not locally negligible is equivalent to
«>'(/") -v(T n ) = *((/)") = X (»)Hf) = X(n)co'(f).
Hence 0(*) = x(t)$(t)-Since ,d(2) = 0(*) we obtain /!(*) = Since for any point a; in Supp v n <x(2V), we have iVx = a.(N), the assertion Supp v D a(2V) follows from the fact that v is relatively invariant. THEOREM 
IfNis not locally negligible and if H C N, then a necessary and sufficient condition for the existence of a relatively invariant measure v on E with modular function % is that there exist a positive Radon measure v t on «.(N) and a positive Radon measure v 2 on E-oc(2V) such that
1) at least one of v t and v 2 is not identically zero; 2) if v t # 0, then v ( is relatively invariant with % as its modular function;
3) v\ aiN) = Vl and v\ E _ a{If) = v 2 .
PROOF. Since HCN, a(G-iV) = E-x(N). Hence £ is a disjoint union of <x(iV) and a(G-N) where both subsets are locally compact. Since 7t(2Vxa(2V)) =<x(2V) and 3t(Nx(E-«(N))) = E-«.(N), we have two transformation groups (N, ^.(N),^) and (N, E-a.(N),n 2 )
where jt x and JI 2 are restrictions of n. The verification of our theorem is then straight forward. THEOREM 
Suppose H CN. If v is a relatively invariant measure on E with modular funtcion % such that v\ a{N) ^ 0, then 6(h) -%(h)d(h) for all heH. Conversely if % is a real character on N such that 0{h) = %(&)<5(A) for all heH, then there exists a relatively invariant measure v on E with % as its modular function such that v\ a^N^ ^ 0.
PROOF. Suppose v is a relatively invariant measure on E with modular function % such that v 1 = v\ x{N) ^ 0. Since H CN, we can define a positive Radon measure co' on N by
Then a process similar to the one used in the proof of Theorem 4.1 shows that % • <o' is a left invariant Haar measure on N and that 0(h) = for all h e H.
Suppose now that % is a real character on N such that d(h) = for all heH. Since HCN, it can be verified that (cf. Theorem 2.1)
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700028524 / = 0 * I f(n)z(n-i)da>(n) = 0 , fe JT(G). PROOF. Using a similar argument as in the proof of Theorem 4.6, we obtain A(h) = d(h) for all heH. Theorem 3.2 can then be applied to complete the proof.
Some further remarks
In this last section we point out how an invariant measure on
By comparing these two expressions we see that T commutes with the operation by N if and only if T(J*b) = f*Tb. The proof is completed. Finally suppose H is compact. Then the canonical mapping a : G -> E is proper, i.e., the inverse image a"" 1 (.4) of every compact subset A of E is a compact subset of G. We therefore have a one-to-one mapping from X~(E) into Jf{G) given by above considerations is from C. Ionescu Tulcea [4] . We remark that if G is unimodular and if H is taken to be if, then an involution can be introduced in I. 1 (£). An example of a generalized convolution algebra can be obtained in this way. For the notion of a generalized convolution algebra we refer the reader to [3] and [4] ; for this particular example see [4] .
